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Simultaneous Material/Load/Shape Variations
of Thermoelastic Structures

R. A. Meric*
Istanbul Technical University, Maslak, Istanbul, Turkey

Simultaneous variations of material properties, load functions, and shape configurations of dynamic thermoe-
lastic structures are considered. A continuous approach is adopted in order to find the total variation of a general
performance criterion. The present analysis may find important physical applications in the simultaneous shape
optimization and control of large space structures in time by applied thermal and/or mechanical loads. The
adjoint variable method and the material derivative concept are used to find the sensitivity expressions, which
are checked by a simple one-dimensional example problem.

Nomenclature
a = heat source decision parameter
ak = material/load decision parameters
B — body force in example problem
b = body force decision parameter
bi = body forces
c = heat capacity
c0 = wave speed in example problem
E = modulus of elasticity
f,g,h = integrands of performance criterion
H = boundary curvature
/ = general performance criterion
7 = augmented performance criterion
k = thermal conductivity
L = length of rod
«/ = unit vector normal to boundary surface
Q = distributed heat source
q = normal boundary heat flux
q* = adjoint normal boundary heat flux
qi = heat-flow vector
q* = adjoint heat-flow vector
T = interval of time, [Q,tf]
t = time variable
tf = final time
tj = boundary tractions
t* = adjoint boundary tractions
u = x component of displacements
u * = adjoint displacement in x direction
Ui = displacements
u* = adjoint displacements
Vi = deformation velocity vector
Vn = normal component of K/
KM = component of V{ normal to A and tangent to F
w = dummy variable
x = axial direction in rod
Xj = Cartesian coordinates
a = thermal diffusivity
(3 = linear coefficient of thermal expansion
7 = material property given by
F = boundary surfaces
r0,r9,rM,rr = boundary segments
<5 = variation symbol
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Subscripts

= Kronecker delta
= strain tensor
= fundamental characteristic value, = ir/2L
= temperature
= reference temperature
= adjoint temperature
= Lame's constant
= discontinuity surface line on F
= Lame's constant
= density
= normal stress in x direction
= adjoint normal stress in x direction
= stress tensor
= adjoint stress tensor
= pseudotime variable (for shape variations)
= general material/load decision variable
= general integrals
= physical domain

derivative with respect to xf
normal derivative

: initial value

Superscripts
0° = boundary value

= local derivative
= time derivative

Introduction

SIMULTANEOUS variations of material properties, dis-
tributed and boundary loads or initial conditions (hence-

forth called "load," in general), and also of shape configura-
tions may be very important from physical, economical, etc.,
points of view in optimization and/or control of structures in
dynamic response. For example, in the design of large space
structures, it is of crucial importance that they are of light
weight, because of the high cost of lifting mass to orbit, and
that they satisfy very stringent requirements on their shape
accuracy.1'5 In this respect, considerable interest has been gen-
erated recently in the joint minimization of structural parame-
ters and control variables. To maintain a desired shape with
necessary accuracy under given disturbances, passive and ac-
tive control systems have been proposed.1'5 In Ref. 1, applied
heating and applied forces have been suggested in order to
nullify some distortions in the shape of structures to control
the quasisteady types of deformations. Optimum design of
structures under mechanical and thermal loads has also been
considered in Ref. 6 under steady-state conditions.
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In all of the previous references, variations are performed
on discrete approximations of structures. Hence, the system's
equations are given only by ordinary differential equations in
the time variable. Variation of material properties and shape
optimization of continuous elastic structures under steady-
state conditions have been developed rather thoroughly.7'9
One of the straightforward methods of structural optimization
for continuous structures is derived from the material deriva-
tive concept.7 The material derivative formulation of shape
variations has been extended recently for linearly elastic struc-
tures under dynamic loads for time-independent domains.10

The present paper further generalizes the method by treating
the joint material/load/shape (MLS) variations of thermoelas-
tic structures in dynamic response. As such, the derived sensi-
tivity analysis (SA) expressions should be of great use for
simultaneous shape optimization and dynamical control of
structures under thermomechanical loads. A very recent paral-
lel study was also performed by Dems and Mroz,11 in which
they formulated separate SA expressions for material and
shape variations by direct and adjoint variable methods of
optimization. In the present paper, though, the simultaneous
SA results are presented and checked by a one-dimensional
example problem considering dynamic effects.

Problem Definition
Neglecting thermomechanical coupling effects,11 the field

equations of linear thermoelasticity in dynamic response may
be written as follows12:

i n O :

-Qu + Q=pc6 (1)

auj + bf = puf (2)

where 12 is the time-independent physical domain. Index no-
tation, with summations indicated by repeated indices, is
employed.

For the field equations, Eqs. (1) and (2), relevant boundary
conditions may be imposed in the following form:

on Te:

The Fourier law of heat condition

on IV

on Tu:

on

q = qpi = q°

uf = uf

= tf

(3)

(4)

(5)

(6)

where the boundary pair Te and TQ are disjoint sets, as well as
the pair Tu and F r, with T = TeUTq = TuUTt.

As the field equations constitute an initial boundary-value
problem, initial conditions for the thermomechanical system
also must be provided, which may be written as follows:

at t = 0:

U = UQ

li = Ui0

4i = Ui0

(7)

(8)

(9)

It is noted that the boundary conditions hold for t > 0, whereas
the initial conditions are valid within the whole physical do-
main at t = 0.

(10)

and the Duhamel-Neuman conditions for the stress-strain rela-
tionship

OH — \ekk^ij + 2jne// — y(6 — 6r)5ij (11)

are taken as the constitutive equations for the present ther-
momechanical structure. The strain tensor is related to the dis-
placement components by the kinematic conditions as given by

Ujti) (12)

It is assumed that we are interested in the system's response
within a finite time interval T = [O,//]. Within the time interval
T, the following so-called decision variables will be varied as
follows: 1) material properties: ks A, /*, p, c, and /3; 2) loading
functions: Distributed loads—Q and &/; Boundary loads—0°,
q°, uf, and tf\ Initial loads—00, M/O , and w /0; 3) shape config-
uration: 12 (and, hence, F).

For the simultaneous MLS sensitivity analysis, a general
integral functional / is considered. This functional, termed as
the general performance criterion, is defined on the space-time
domain Q x T, and may serve as the objective constraint func-
tion to be satisfied in an optimization and/or control problem.
That is,

/ = f(09qi9Ui,ui9aU9eU9Q,k,bi9\9iJL9p9ctp) dO dt

g(09q9ui9ti)dTdt (13)

where the symbol [ ]T denotes [ ]t=tf — [ ]t=o9 and/, g, and h
are continuous and differentiable functions with respect to
their arguments. It may be noted that the functional /is more
general than the one treated in Ref. 11 in that it also involves
stresses, heat flows, and velocities in the space-time domain, as
well as loading functions for control problems.

Total Derivatives
The material derivative concept,7 which has been extended

for dynamic systems9 in shape variation problems, is now de-
veloped further for the present joint MLS variation of func-
tions and integral functionals. Following Ref. 7, the variation
of 0 under a shape transformation, characterized by a pseudo-
time parameter r, may be regarded as a * "dynamic" deforma-
tion of a continuous medium. Thus, a point */ in 0 (at r = 0)
moves to the point xj in the varied domain QT, given by

(14)

where the deformation "velocity" field K/ is time independent
and is defined in the whole physical space, representing the
rate of deformation (i.e., variation) in a shape variation situa-
tion.

Suppose that the system state (i.e., 6 and uf for the present
thermoelastic solid) depends on a material/load function, de-
noted by </>, which may be a function of the space and time
variables, the shape configuration, and a set of material/load
(constant) parameters a^ as follows:

• = 4>(xi9ttak) (15)

The function </> may represent any of the material or load
decision functions, e.g., k, 0°, &/, tf, etc. It is noted that </> is
taken as dependent on the material points of the structure for
generality. In particular, for the case of pressure loading on Tt,
the surface tractions tf may be given by tf =p°ni9 where/?0 is



298 R. A. MERIC AIAA JOURNAL

the pressure, thus depending on the normal to F, (or the space
configuration).

Any shape variation of the domain, characterized by Eq.
(14), may result in the varied function </>T, given by

rVht,ak) (16)

where t and ak have been held constant. If simultaneous MLS
variations are considered, the local variation in </>, indicated by
</>' , may be given as

+ lim -
T-0

(17)

where the first variations in ak are denoted by bak. In Eq. (17),
the first term on the right-hand side represents the contribution
to </>'of the material/load parameter variations, whereas the
second term results from shape variations, holding jc/, t, and ak
constant. If </> depends only on space points (but not material
points), any shape variation will not have any effect on </>,
leading to c/>T = 0. Thus, the last term in Eq. (17) would be
identically equal to zero.

A general continuous function w, on the other hand, may
depend on the material/load function </>, as well as the material
points and the time as follows:

w = w (xi, t, </>) (18)

Any shape variation of the domain may result in the varied
function WT , given by

TVi9t,ak)] (19)

In all of the preceding equations, all of the functions are
assumed to depend on their arguments continuously. For a
simultaneous MLS variation, the local variation in w may be
written in the following form by holding xf and t constant:

—
d</>

+ lim-
T-O

(20)

where </>' is given by Eq. (17).
When simultaneous variations are considered, the total

derivation by w, denoted by Dw, can be expressed as the sum
of the local derivative of w, i.e., w', holding xf and t constant,
and the variation in w when */ is moved with the deformation
velocity K, as follows:

= w' +

where, noting Eqs. (15) and (18), Dw is defined as

30Dw = — -— dak + lim -
O(p Udk T—0

(21)

(22)

It may be observed from Eq. (22) that the first term on the
right-hand side comes from the variations in the material/load
parameters ak, whereas the second term results from shape
variations, due to the explicit and implicit dependence of w on
shape through xf and 0, respectively.

For the simultaneous MLS sensitivity analysis of the general
performance criterion 7, the total derivatives of integral func-
tionals defined on fi x rand F x Twill be needed. Extending
the material derivative formulas of integrals for shape varia-
tions under static response of functions,7 the total derivative of
space-time integrals with respect to simultaneous MLS varia-
tions may be generated directly. In this respect, a general inte-
gral in fi x Tmay be defined in terms of a differentiable func-
tion w(Xj,t,<l>) as follows:

w dfl dt (23)

Adopting the boundary method 10'13 of shape variations, the
total derivative of S^ may be given in the following form:

dt + wVn dF dt (24)

where Vn is the normal component of Vf on F and is time
independent; w' is given by Eqs. (17) and (20). For Eq. (24),
it also has been assumed that no discontinuities exist in the
functions w and Vi in the domain fl, since integration by parts
with no jump terms has been employed to derive the equation.

A general integral also may be defined over F x T for
smooth surfaces as follows:

w dF dt (25)

The total derivative of ^2 is given in the following form9'10:

' +(wn

dA dt (26)

where w>n is the normal derivative of w on F, and H is the
curvature of the boundary F in R2 and twice the mean surface
curvature of F in R3. Any discontinuity of w across the
boundary surface curve A 6 F is taken care of by the last
integral over A x Tin Eq. (26), where V^ is the component of
Vi on F, normal to A and tangent to F14; the quantity [[wj
indicates the jump across the (boundary data) discontinuity
curve A, i.e., [wj = w ~ — w + , where w~~ and w+ are the
values of w immediately near A at the negative and positive
sides, respectively. The line integral over A, for example, can
be selected along the boundary curve separating the boundary
portions Su and St, thus describing the interaction between
boundaries with discontinuous boundary conditions. For non-
smooth boundary surfaces, the variations of V^ over the geo-
metric discontinuity lines also must be considered. For exam-
ple, for a boundary composed of a set of regular surfaces
intersecting at the edges, summations must be taken over the
discontinuity lines,14 differentiating between VIJL+ and KM_
across the edges, as they would not be colinear as in the case
of smooth boundaries.

MLS Sensitivity Analysis
As the total derivatives of functions and integral functionals

have been developed for MLS variations in the preceding sec-
tion, the SA of the general performance criterion I, Eq. (13),
is now formulated with respect to the MLS decision variables.
Before proceeding with the SA, however, it may be worthwhile
to point out the applications and importance of simultaneous
MLS sensitivity analysis of physical systems that are under
dynamic loads, namely: 1) to understand and model system's
behavior better, 2) to optimize the system's response and/or
physical shapes in a prescribed time interval, 3) to control the
system's responses in time for desired objectives (i.e., open- or
closed-loop controls of loading functions), or 4) for identifica-
tion of MLS variables by using the system's measured re-
sponses in time. The present SA problem now may be stated as
follows. Find the total derivatives of / with respect to MLS
variations subject to the primary problem defined by Eqs.
(1-12). The SA expressions, which should be derived for each
integral functional present in an optimization or control prob-
lem, for example, may be used effectively in the mathematical
programming methods of minimizing a functional subject to
nonlinear constraints.
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The first step in the SA by the adjoint variable method may
be the definition of an augmented functional 7 by incorporat-
ing the field equations (1) and (2) into /, i.e.,

7= / + [0*(-qiti + Q -pcd) + uf(aUi

bf - put)] dQ df (27)

The original performance criterion /, Eq. (13), may be inserted
into Eq. (27) and integration by parts in 12 and T may be
employed in order to reduce the order of differentiations lead-
ing to the following expressions:

f f7 = If + 4/0* + (Q - pc0)0* - o^j + biU *
J r Jn

+ pup* ] dfi dt + \ (g -qO* + tfu- ) dT dt
}T . r

[h -pUiU* (28)

The total derivative of 7, Eq. (28), corresponding to simulta-
neous MLS variations of the decision variables may be taken
by using the general "total derivative formulas," Eqs. (23-26),
as follows:

df , df
^-+PU1 )*', +-£-U,'j + M- -Hy )o]j +4,0;,'

O6ij \oaij

(6 ~ PC0)0* ' - pC0*0' - (JijU-J

+ ( - - - cOO* + w/w* Jp 7 dQ

[f + QiO* + (Q -

biUi + pit iii* + (g — qd*

H(g-qB* + tiU*)}Vn +

** ... / dr

n, ,
^0 +T~" + \^~ ~pUi

- pup ' - dO + I [h - piifU * ]TVn dT

(29)

where the boundary date discontinuity curve A £ F now repre-
sents the sum of the intersection boundary curves between F#
and Yq, and between Fw and F /.

The local derivative forms (incorporating the effects of MLS
variations at constant */ and t) of the constitutive and kine-

made equations, Eqs. (10-12), are simply given as follows:

q'( = -kd'j -Btik' (30)

^ k\' — 70' — /30(3X' + 2//) — (3X

e, = i« /+^/ ) (32)

Introducing Eqs. (30-32) into Eq. (29) and using integration
by parts in Q and T repeatedly, the total derivative D/may be
written in the following form:

(-Qu + Q -pc0)0*

• dfi

(6 -

tiU- \n + H(g -

a//

(33)

where the adjoint heat-flow vector q* and the adjoint stress
tensor a;* are defined by

(34)

a/ a/ (35)

It may be noted that the constitutive equation relating a7* to
the displacement gradients, Eq. (35), does not involve the ad-
joint temperature 0*, whereas Eq. (11), governing the stress-
strain relationship in the primary problem, features a 0 depen-
dency.
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So far, the boundary and initial conditions, Eqs. (3-9), have
not been employed during the SA procedure. The total deriva-
tive of Eq. (3), for example, leads to the following equation:

on IV

D0 = D0° (36)

or, by using Eq. (21) for the left-hand side and rearranging
terms,

on IV

0' = D0° -e>kVk (37)

where D0° is given by the total variation of the boundary
temperature 0° on IV Similarly, using the traction boundary
condition on I\, Eq. (6), the local derivative of // is given by

on IV

t\ = Dt?-titkVk (38)

Similar expressions may be derived for the other boundary and
initial conditions.

It is emphasized that the total derivatives D0°, D^, etc., are
known from the assumed forms of the boundary and initial
conditions. In the case of conservative boundary loading on
I\, for example, the tractions are independent of the surface
configuration, and the total derivative Dt? is simply given by

tf = tf + tftkVk (39)

As an example of a nonconservative loading, on the other
hand, consider the pressure loading

tf=pQrii (40)

directed along the normal to the surface. The total derivative
of Eq. (40) simply leads to

'f,p =«/D/?°+/7 0 D/i/ (41)

The total derivative of the unit normal vector «/, D/?/, is given
by8

D/i/ = (42)

Using Eqs. (21), (41), and (42), Df/* finally can be expressed in
the following form for the case of the pressure loading:

Dt? = (43)

In the following, the explicit forms of the load decision vari-
ables 0, tf, etc., will not be given; hence, their total derivatives
must be calculated in accordance with their assumed forms in
a specific situation.

The boundary surface F is decomposed into parts with dif-
ferent boundary conditions, cf., Eqs. (3-6), and the local
derivative forms of the boundary and initial conditions are
substituted into Eq. (33). It is then found suitable to set the
coefficients of the local derivatives of the state functions such
that an adjoint problem is defined as follows:

in fi:

= -pee*

on IV

(44)

(45)

(46)

on IV

on Tu:

on T,:

at t = t f \

36

dti

'' dut

a* dh
pce =

* dh

• - _ _pu> ~ dut

(47)

(48)

(49)

(50)

(51)

(52)

It may be noted that the adjoint "thermoelastic" problem is a
final time-boundary-value problem, instead of an initial time-
boundary-value problem, as in the case of the primary prob-
lem, cf., Eqs. (1-12). Furthermore, although the adjoint "heat
conduction" equation (44) has a minus sign in front of its
time-derivative term, 6*, it retains its parabolic partial differ-
ential equation character.

When the primary and adjoint problems are satisfied for a
given set of MLS decision variables, the total derivative of the
general performance criterion /is finally expressed as follows:

D/=

df 1L

-- P^ }cr { dfl dtdc

+ \ U + qtfi+te-pcW-avuij + bi

+ (g - qe* + tfU-ln + H(g - qti* + tfU- )}Vn dT dt

—•
dp

-

xdTdt+ + u t D t ? - tiikvk dr

x(Duio-iii,k
1 = 0

dQ- [UiU* p ' ] t = t f d t i
Q 7

(53)
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The following remarks can be made regarding the preceding
expression:

1) Equation (53) represents the total variation of / corre-
sponding to the simultaneous MLS variations. For a numerical
evaluation of D7, solutions of both the primary and adjoint
problems are needed, along with the deformation velocity Vi
characterizing shape variations, and the local variations of all
of the material and distributed load decision variables. The
explicit forms of the total variations of the boundary and
initial load decision variables also must be provided.

2) Although the boundary method of SA has been used,
domain (i.e., volume) integrations are still needed, since the
physical system under investigation is in dynamic response.9
This is contrary to the case with steady-state structural opti-
mization.

Example Problem
The SA expressions derived in the previous section may be

validated by a simple one-dimensional example problem,
which is amenable to analytical means. The material properties
are taken as constant and uncontrollable. Only distributed
load and shape variations will be considered through a finite
number of decision parameters. A distributed heat source and
a body force serve as the distributed loading functions. If a
thin rod of infinitely small cross-sectional dimensions is con-
sidered as the physical one-dimensional domain, the heat
source Q and the body force B may be adopted in the following
forms:

where

Q = ak

where

and B = bE sinf0* (54)

fo = K/2L (55)

The decision parameters in the present problem will be taken
as follows: the load parameters a and b and the shape parame-
ter L. Thus, the present primary problem is given by

0<;t<L:

a(6xx + a cosfo*:) = 6 (56)

- b sinfo* —&QX) — w (57)

6x = u=Q (58)

0 = ux = 0 (59)

0 = u = u = 0 (60)

where a = k/pc is the thermal diffusivity, c0 the displacement
wave speed, u the axial displacement in the rod, and subscript
x refers to x differentiation. The rod is taken as thermally
insulated, built-in at the end, and free with zero temperature at
the other.

It may be seen from Eqs. (55-60) that the present thermoe-
lastic problem admits a very simply solution, because of the
adopted nature of Q and B, Eq. (54), and the homogeneity of
the boundary and initial conditions, given in terms of the
fundamental mode solution as

(61)

at x = 0:

at x = L:

at t = 0:

- (tf /fo2f0 + cosco0^]

and (63)

Consider now a general performance criterion / given by

dx dt (64)

It is noted that a special form has been adopted for / only for
the sake of obtaining simple SA expressions derivable in terms
of fundamental solutions. However, generalizations of 7 and
the primary problem are straightforward. In particular,
quadratic expressions of displacements may be considered in /
in certain physical applications, for instance, in an "active"
shape control problem of thermoelastic structures, where it
may be desirable to nullify quasisteady types of shape distor-
tions by using thermal and/or mechanical actuators.1

Using the adjoint variable method of SA, the adjoint heat
flux and stress in the rod are simply given as

q = — and o*=Eux (65)

From Eqs. (44) and (45), the preceding adjoint "constitutive"
relations lead to the following adjoint problem corresponding
to/:

0<Jc<L:

;2tti+5Efc£ = fl.
P

at x = 0:

at x = L:

at t = t f \

= u * = 0

(66)

(67)

(68)

(69)

(70)

(71)

(72)

The decision parameters in the present example problem are
a, b, and L, where the rod is taken as fixed (i.e., unvaried) at
x = 0, while it is varied in length at x = L. The total variation
of / with respect to the variations of a, b, and L is given by the
SA expression, Eq. (53), as

which yields a solution in the form given by

u*(x,t) = ̂ £ [1 - coscooOy-01

tf \L / df \ *
D/= (e*Qf +u*Bf +-rv6L )dxdt + [(u sinf0*o Jo V dL / Jo

(73)

(62)

where the last term under the domain time integral comes from
the fact that the integrand of /, i.e., u sin Jo** is an explicit
function of L, since f0 = 7T/2L. In obtaining the preceding
equation, the homogeneity of the boundary and time condi-
tions of the primary and adjoint problems also have been used.
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The local derivatives of Q and B may be obtained from Eq.
(17) as

* da dL db

which, by using Eqs. (54) and (53), yield

-dL

B' =E sinfadb -

TF &L (74)

(75)

(76)

where da, db, and dL represent the variations in a, b, and L,
respectively. The integrand / and its derivative with respect to
L, df/dL, also are given by

f=u si and
OL,

(77)

The normal component of Vf, Vnj is equal to Vn = dL at
x = L. It is noted that the D7 expression, Eq. (73), does not
require an assumption of the field distribution of the deforma-
tion velocity F/ in the rod, and that only its normal component
Vn at the ends of the rod is needed.

Substituting Eqs. (61), (62), (71), (72), and (75-77) into Eq.
(73), the total derivative (or the first variation) of/finally may
be expressed in the following form:

dl

b,L a,L
dL (78)

a,b

where the sensitivity coefficients corresponding to da, db, and
dL are given, respectively, by

57 7T/3

b,L

67
db a,L

_
dL a,b

(79)

(80)

f?-6c0
5

3c0
2)a] si

+ 2(3a2& + 2c0
2)] coswo*/ + 2cl[am^ltf + 4a2f?

exp[ - afyf] } + -T— -3 [(3 + coscoof/ - 4 sino^/l
^CoSo

3c0
2]

(81)

A simple check on the SA expressions, Eqs. (78-81), also is
possible by first evaluating I, Eq. (64), as a function of a, b,
and L. Thus, inserting the displacement solution, Eq. (62),
into Eq. (64) and integrating, one may find that

I(a,b,L) = nap
+ wo(exp[-afo*/] - 1)

(82)

Now that / is given explicitly in terms of a, bf and Lf direct
(partial) differentiations of /may yield the same sensitivity
coefficients as in Eqs. (79-81); i.e., it is found that

da

dI(a,b,L)
db

_67
~da

67
6^

b,L

a,L

(83)

(84)

dI(a,b,L)
dL (85)

a,b

which shows the validity of the SA expressions derived in the
paper to be correct as applied to the present example problem.

Conclusions
Simultaneous material/load/shape variations of general

performance criteria have been considered for thermoelasto-
dynamic structures. Only the adjoint variable method of sensi-
tivity analysis has been implemented, whereas the direct
method11 of evaluating the sensitivities of the primary (state)
variables has not been investigated. As such, the present tech-
nique should be more advantageous for problems when the
number of performance criteria is less than the number of
decision parameters. The derived sensitivity expressions are
valuable for the solution of the so-called inverse problems. In
particular, physically realistic shape optimization and dynamic
control of structures could be analyzed by the present analysis
via mathematical programming methods after performing
space-time discretizations, as the derivatives of performance
criteria are already given by the sensitivity expressions.

A final point can be made such that dynamic shape control
problems with time-dependent domains [i.e., moving
boundary problems with Q = Q(xiyt)]l° have not been consid-
ered in the present investigation. Such problems also may be
important since, for example, one might wish to control in
time (i.e., dynamically optimize) the surface shape of a space
structure in order to realize a certain physical objective.
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